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We elucidate the relationship between supersymmetric D3-branes and chiral baryonic
operators in the AdS/CFT correspondence. For supersymmetric backgrounds of the form
AdS5 × H, we characterize via holomorphy a large family of supersymmetric D3-brane
probes wrapped on H. We then quantize this classical family of probe solutions to obtain a
BPS spectrum which describes D3-brane configurations onH. For the particular examples
H = T 1,1 and H = S5, we match the BPS spectrum to the spectrum of chiral baryonic
operators in the dual gauge theory.
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1. Introduction.
The AdS/CFT correspondence [1] is a remarkable example of the long-suspected
relationship between string theories and gauge theories. Yet, despite the many compelling
pieces of evidence that exist for a duality between type-IIB string theory on AdS5 × S5
and the N = 4 super Yang-Mills theory, we still do not understand such a fundamental
issue as how the Yang-Mills theory encodes the full spectrum of the string theory.
One difficulty, of course, is that even the perturbative string spectrum in the AdS
background is not known, owing to the presence of Ramond-Ramond five-form flux. Nev-
ertheless, we can circumvent this difficulty in various ways. For instance, the massless
modes of the string just give rise to the spectrum of type-IIB supergravity in the AdS
background, which can be directly computed [2]. These supergravity states fall into short
representations of the superconformal algebra and can be matched to chiral primary op-
erators in the Yang-Mills theory.
Another more recent approach to this problem has been to take a Penrose limit in
which the AdS5 × S5 background reduces to a pp-wave background [3], [4] for which the
classical string spectrum can be computed exactly in a Green–Schwarz formalism [5]. In
this limit the perturbative string states can be matched to “nearly chiral” operators which
have large charge under a U(1) subgroup of the global SU(4) R-symmetry of the Yang-
Mills theory [6].
In this paper, we approach the problem of how the Yang-Mills theory describes
“stringy” objects by studying the non-perturbative sector of BPS states which arise from
supersymmetric D3-branes in the AdS background. Paradoxically, despite the fact that we
can’t quantize a string in this background, our main result is to quantize a supersymmetric
D3-brane, which is possible because the brane couples very simply to the Ramond-Ramond
flux.
Supersymmetry plays an essential role in our work, so we consider a general back-
ground of the form AdS5 × H which preserves at least eight supercharges. Here H is a
compact Einstein five-fold of positive curvature which supports N units of five-form flux,∫
H
F5 = N . (1.1)
In this background we study supersymmetric D3-branes which wrap three-cycles in H and
appear as particles in AdS5.
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Such backgrounds have already been studied extensively [7], [8], [9] in the context of
the AdS/CFT correspondence. Nor is the idea of studying supersymmetric D3-branes
wrapped on three-cycles in H new [10], [11], [12]. In these, by now classic, references,
the authors study supersymmetric D3-branes wrapped on topologically non-trivial three-
cycles in H = RP5, T 1,1, and S5/Z3. In each of these cases, due to the symmetry of H, a
supersymmetric D3-brane can wrap any of a family of three-manifolds Σ ⊂ H. When the
corresponding collective coordinates of the brane are quantized, the resulting zero-modes
can be matched directly to a set of Pfaffian or di-baryonic chiral operators in the dual
gauge theories.
In a similar vein, supersymmetric D3-branes which wrap topologically trivial three-
cycles in H have also been studied. The best example of such a brane is the giant graviton
[13] on H = S5. It is a D3-brane which wraps a topologically trivial S3 but is still
supersymmetric [14], [15] due to the angular momentum it carries as it orbits about a
transverse circle in H. Largely in analogy to the di-baryonic operators which describe
non-trivially wrapped branes, the authors of [16] have proposed that the BPS states
associated to giant gravitons correspond to sub-determinant operators in the N = 4 Yang-
Mills theory.
These examples suggest a general correspondence between the spectrum of BPS states
arising from D3-branes wrapped on three-cycles in H and the spectrum of chiral baryonic
operators in the dual gauge theory. However, as insightfully observed by Berenstein,
Herzog, and Klebanov [17], we still have some things to learn before we fully understand
this correspondence.
For instance, as we shall review in Section 2, the N = 1 gauge theory dual to the
H = T 1,1 background possesses a tower of chiral baryonic operators of increasing conformal
dimension ∆. The baryons at the base of the tower correspond to the zero-modes of a
supersymmetric D3-brane. But what D3-brane states do the baryons of higher ∆ describe?
The question of what this baryon spectrum really “means” cuts to the heart of how the
gauge theory describes the geometry of a brane configuration on H. Yet, as we show, this
question is tractable, even simple, because of supersymmetry1.
1 We are hopeful that our results in understanding the correspondence between BPS states of
D3-branes and chiral operators of the gauge theory will be useful in understanding the analogous
correspondence of non-BPS states and non-chiral operators, which in the pp-wave limit on S5
has already been considered in [18].
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The simplest guess would be that these baryons just describe multi-particle states
consisting of some zero-mode of the D3-brane plus particles in the supergravity multiplet
on H. That guess is generally wrong. Although some of the baryons of higher ∆ factor into
products of chiral operators consistent with this hypothesis, most baryons do not factor
in any simple way [17]. So we must somehow interpret these baryons as corresponding to
new irreducible, BPS states of D3-branes.
In practical terms, the crux of this problem is to identify the spectrum of BPS states
in the string theory which arise from supersymmetric D3-branes wrapped on three-cycles
in a given (possibly trivial) homology class of H. As it turns out, once we have computed
the BPS spectrum, we can trivially match it to the spectrum of chiral baryons in examples
such as H = T 1,1 or H = S5 for which the dual gauge theory is known.
One approach to computing the above BPS spectrum is to use the Dirac-Born-Infeld
action for a probeD3-brane. The DBI action is appropriate for describing a weakly-curved
D-brane at weak string coupling. Hence this description of the D3-brane is appropriate in
the supergravity regime of a weakly-curved background, corresponding to large ’t Hooft
coupling in the gauge theory. Provided the Einstein metric on H is known, one can directly
use the DBI action to compute perturbatively the spectrum of small fluctuations about a
particular supersymmetric D3-brane configuration in H.
The authors of [17] performed this computation for the well-known supersymmetric
D3-branes in H = T 1,1 and, amidst a plethora of modes, they identified a subset of BPS-
saturated states having quantum numbers consistent with some of the chiral baryonic
operators of higher ∆. Hence they provided compelling evidence for the general idea
that chiral baryonic operators of higher ∆ should correspond to additional BPS states of
wrapped D3-branes.
We provide a complementary analysis of the BPS spectrum. In any quantum me-
chanics problem, a thorough understanding of the spaceM of classical solutions is often an
essential ingredient in quantization. So rather than starting from a particular supersym-
metric D3-brane and studying its small fluctuations, we begin in Section 3 by asking, “How
can we characterize the general supersymmetric D3-brane configuration on H?” Luckily,
Mikhailov [19] has already provided such a characterization via holomorphy, and we can
apply his results directly to describe M. In the example H = T 1,1, we explicitly present
many new supersymmetric D3-brane configurations on H, all of which are generalizations
of the giant graviton solution on S5 to non-trivially wrapped branes on H.
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In Section 4, we quantize the classical, supersymmetric D3-brane configurations which
we found in Section 3. That is, we determine the Hilbert space of BPS states associated
to M as well as the representations in which these states transform under the various
global symmetries. This exercise is a direct generalization of the quantization of collective
coordinates discussed in [10], [11], and [12]. We discuss the examplesH = T 1,1 andH = S5
in detail. As a result, we find an immediate correspondence between BPS states and chiral
baryonic operators in the dual gauge theories. We finally discuss some issues relating to
multi-brane states in string theory and factorizable baryonic operators in gauge theory.
2. T 1,1, the conifold, baryons, and all that.
Although much of the discussion in Sections 3 and 4 holds for a general H which
preserves supersymmetry, the example H = T 1,1 is very good to keep in mind. In order
that this paper be self-contained and to establish notation, we now review some aspects
of the correspondence between type-IIB string theory on AdS5 × T 1,1 and its dual N = 1
gauge theory [7], [8], [9]. We also review the relation, which we generalize in Section 4,
between wrapped D3-branes and baryonic operators proposed in [11]. We finally describe
the observations of [17] which inspired our work. So in this section, H = T 1,1.
2.1. The geometry of T 1,1 and the conifold.
Recall that H is the homogeneous space SU(2) × SU(2)/U(1), where the U(1) is a
diagonal subgroup inside a maximal torus of SU(2) × SU(2). The manifold underlying
SU(2) is S3, and the S1 fiber of the Hopf fibration S1 → S3 → S2 corresponds to a
maximal torus of SU(2). So the quotient SU(2) × SU(2)/U(1) can also be described as
an S1-fibration over S2 × S2; equivalently H is a principal U(1)-bundle over S2 × S2.
This five-manifold H possesses a unique Einstein metric for which the AdS5 × H
background preserves eight supercharges. This Einstein metric is naturally written in
coordinates adapted to the S1-fibration. Let (θ1, φ1) and (θ2, φ2) be the usual angular
coordinates on the two-spheres in the S2 × S2 base, and let ψ ∈ [0, 4π) be an angular
coordinate on the S1 fiber. Then the Einstein metric is
ds2H =
1
9
(
dψ +
2∑
i=1
cos θi dφi
)2
+
1
6
2∑
i=1
(
dθ2i + sin
2 θi dφ
2
i
)
, (2.1)
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which satisfies
Rmn = 4 gmn . (2.2)
An important property of this metric is that it possesses an SU(2)× SU(2)× U(1) group
of isometries. The U(1) isometry is generated by ∂∂ψ , and the SU(2) × SU(2) isometries
act on the S2×S2 base, which we can regard as the Ka¨hler-Einstein manifold CP1×CP1.
Topologically, H is equivalent to S2 × S3, so that H3(H) = Z. H has two obvious
families of three-spheres, which arise as the loci of fixed (θ1, φ1) or fixed (θ2, φ2) on the
S2 × S2 base. We denote the corresponding classes in H3 by A and B. Both A and
B generate H3, and since the members of the respective families are oppositely oriented,
A = −B.
The superconformal theory dual to the AdS5×H background arises from the infrared
limit of the worldvolume theory on coincident D3-branes at the conifold singularity X .
Recall that X can be presented algebraically as the locus of points (z1, z2, z3, z4) ∈ C4
which satisfy
z1z2 − z3z4 = 0 . (2.3)
This locus is preserved by the C×-action
(z1, z2, z3, z4)→ (λz1, λz2, λz3, λz4) , λ ∈ C× . (2.4)
When λ is real, the C×-action amounts to scaling in C4, so we see that X is a cone.
This C×-action is free away from the origin of C4, where X possesses an isolated conical
singularity.
X is actually a Calabi-Yau cone, and a Ricci-flat Ka¨hler metric on X can be deter-
mined very simply using symmetries. By a linear change of variables in C4, we can re-write
the defining equation (2.3) of X as
z21 + z
2
2 + z
2
3 + z
2
4 = 0 . (2.5)
From (2.5), we see that SO(4) acts in a natural way on X , and we look for a Ka¨hler
metric with this group acting by isometries. The associated Ka¨hler potential K can also
be chosen to be invariant under SO(4) and hence must be a function only of
|z|2 ≡ |z1|2 + |z2|2 + |z3|2 + |z4|2 . (2.6)
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Because |z|2 is invariant under the U(1) part of the C×-action in (2.4), under which
(z1, z2, z3, z4)→ (eiαz1, eiαz2, eiαz3, eiαz4) , α ∈ [0, 2π) , (2.7)
the Ka¨hler metric actually has an SO(4)× U(1) group of isometries. As the holomorphic
three-form Ω of X ,
Ω =
dz2 ∧ dz3 ∧ dz4
z1
, (2.8)
has charge two under (2.7), we identify this U(1) isometry with an R-symmetry.
If the Ka¨hler metric is to be conical, K must transform homogeneously under the
scaling with real λ in (2.4). Thus, K = |z|2γ for some exponent γ. To fix γ, we note that
Ω transforms as Ω→ λ2 Ω under (2.4). Under the same scaling, the Ka¨hler form ω,
ω = −i ∂
2K
∂zi ∂zj
dzi∧dzj , (2.9)
transforms as ω → λ2γ ω. The Calabi-Yau condition finally implies that
ω∧ω∧ω = −iΩ∧Ω , (2.10)
which determines γ = 2/3.
Let us return to the defining equation (2.3) of X . We can solve this equation by
introducing four homogeneous coordinates A1, A2, B1, B2, and setting
z1 = A1B1 , z2 = A2B2 , z3 = A1B2 , z4 = A2B1 . (2.11)
The coordinates (A1, A2, B1, B2) are homogeneous (as opposed to true) coordinates on X
because the affine coordinates (z1, z2, z3, z4) of C
4 are left invariant under the C×-action,
(A1, A2, B1, B2)→ (µA1, µA2, µ−1B1, µ−1B2) , µ ∈ C× . (2.12)
Away from the singularity at the origin, we can fix the real part of this action by requiring
that
|A1|2 + |A2|2 = |B1|2 + |B2|2 . (2.13)
We are left with the U(1)-action given by
(A1, A2, B1, B2)→ (eiβA1, eiβA2, e−iβB1, e−iβB2) , β ∈ [0, 2π) . (2.14)
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In terms of the homogeneous coordinates, X is thus obtained by restricting to the locus
given by (2.13) and dividing by the residual U(1)-action of (2.14).
We remark that the introduction of homogeneous coordinates on X is much less ad
hoc than it may appear. X is a toric variety [20], and toric varieties are generalizations
of projective and weighted projective spaces. As such, any toric variety is endowed with a
set of global homogeneous coordinates [21] which function much like the usual projective
coordinates of projective space.
The five-manifold H can be obtained from X by further restricting to the locus
|A1|2 + |A2|2 = |B1|2 + |B2|2 = 1 . (2.15)
This restriction amounts to a quotient by the scaling part of the C×-action (2.4) on X ,
after the fixed point at the origin is excised. To see that the description of H using the
homogeneous coordinates agrees with our earlier description of H as SU(2)×SU(2)/U(1),
note that the locus determined by (2.15) is S3 × S3 = SU(2) × SU(2), and the residual
U(1)-action (2.14) provides the correct quotient.
After removing the singularity at the origin, X is topologically R+ × H. The cone
metric on X ,
ds2X = dr
2 + r2ds2H , (2.16)
is automatically Ricci-flat due to the Einstein relation (2.2). This metric has the same
SU(2) × SU(2) × U(1) = SO(4) × U(1) group of isometries as the Calabi-Yau metric
discussed earlier, and it coincides (up to normalization) with that metric. The only question
is how r is related to |z|. Since the metric is homogeneous in r of degree 2 and homogeneous
in |z| of degree 4/3, we must have
r = |z|2/3 = (|z1|2 + |z2|2 + |z3|2 + |z4|2)1/3 . (2.17)
We have discussed the geometry of T 1,1 (and the conifold) in some detail because this
example nicely illustrates the general properties of any H which preserves supersymmetry.
We will use these properties in Section 3 when we discuss supersymmetric D3-branes.
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2.2. The conifold gauge theory.
Having introduced the conifoldX , we now recall the dual superconformal theory which
arises from the infrared limit of the worldvolume theory on coincident D3-branes at the
conical singularity of X . This theory can be described as an infrared fixed-point of an
N = 1 supersymmetric, SU(N) × SU(N) gauge theory. The gauge theory includes four
N = 1 chiral matter multiplets A1, A2, B1, and B2. The fields A1 and A2 transform in
the (N,N) representation of the gauge group, and the fields B1 and B2 transform in the
(N,N) representation. The chiral matter multiplets are coupled by a superpotential
W =
λ
2
(
tr [A1B1A2B2]− tr [A1B2A2B1]
)
, (2.18)
where λ is a (dimensionful) coupling constant.
This gauge theory possesses an anomaly-free U(1) R-symmetry under which the low-
est, scalar components of A1, A2, B1, and B2 have charge R = 1/2. Hence the correspond-
ing conformal dimension of these fields at the infrared fixed-point is ∆ = (3/2)R = 3/4,
and the superpotential W is a marginal deformation of the pure gauge theory at this point.
The R-symmetry of the gauge theory corresponds to the U(1) isometry arising from
rotations in the S1 fiber of H. Note that (2.7) and (2.11), together with the Z2 symmetry
which exchanges the S2 factors in the base of H, imply that the homogeneous coordinates
of X also have charge R = 1/2. Further, under a radial scaling on X , the relation (2.17)
implies that
r
∂
∂r
zi =
3
2
zi , i = 1, . . . , 4 , (2.19)
so the conformal dimension of the homogeneous coordinates is similarly ∆ = 3/4.
The SU(2)×SU(2) isometry of H also appears as a global SU(2)×SU(2) flavor sym-
metry in the gauge theory. Under this symmetry, the chiral fields (and the corresponding
homogeneous coordinates) transform as (2, 1) for (A1, A2) and (1, 2) for (B1, B2).
However, the gauge theory in addition possesses a non-anomalous global U(1)B
baryon-number symmetry which does not arise from an isometry of H. Under this U(1)B
symmetry, A1 and A2 have charge +1, and B1 and B2 have charge −1. Not coincidentally,
these charges correspond to the charges in (2.14) of the homogeneous coordinates under
the U(1) subgroup of SU(2)× SU(2) by which we quotient to obtain T 1,1.
To understand better the origin of the baryon-number symmetry, we first note that, in
analogy to the six real scalars φ1, . . . , φ6 of the N = 4 Yang-Mills theory which parametrize
the positions of the D3-branes in R6, the complex scalars in the chiral multiplets A1, A2,
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B1, B2 should parametrize the positions of the D3-branes on X . To show this, we observe
that the F -term equations which follow from (2.18) imply that, modulo descendants,
B1AiB2 = B2AiB1 , A1BjA2 = A2BjA1 , i, j = 1, 2 . (2.20)
Consequently, if we introduce the chiral primary adjoints Z1, Z2, Z3, and Z4 defined by
Z1 = A1B1 , Z2 = A2B2 , Z3 = A1B2 , Z4 = A2B1 , (2.21)
then these operators commute modulo descendants, and their N eigenvalues clearly satisfy
the equation (2.3) defining X . Thus, as we already suspect from the action of the global
symmetries, the chiral fields A1, A2, B1, and B2 are matrix generalizations of the homoge-
neous coordinates on X . The gauge-invariant mesonic operators made from single-traces
of products of Z1, Z2, Z3, and Z4 then describe the locations of the D3-branes on X , and
all of these operators are uncharged under U(1)B.
On the other hand, because the gauge group is SU(N) × SU(N) with chiral mat-
ter in bi-fundamental representations, the gauge theory admits baryonic operators made
from anti-symmetrizing over the gauge indices of any N bi-fundamental chiral fields. For
instance, we have chiral primary operators
B(A)i1···iN =
1
N !
ǫα1···αN ǫ
β1···βN
N∏
n=1
(Ain)
αn
βn
,
B(B)j1···jN =
1
N !
ǫα1···αN ǫβ1···βN
N∏
n=1
(Bjn)
βn
αn
,
(2.22)
where the α, β indices are gauge indices of SU(N)×SU(N) and the i, j indices are flavor
indices of SU(2)×SU(2). Note that because we anti-symmetrize over gauge-indices, B(A)i1···iN
and B(B)j1···jN are automatically symmetric in the flavor indices. Hence these operators
transform under the SU(2)× SU(2) flavor symmetry as (N+ 1, 1) and (1,N+ 1). They
also have respective charges ±N under U(1)B, justifying the identification of this symmetry
with baryon-number.
We now introduce a schematic notation for baryonic operators, suppressing gauge
indices and denoting
B(A)i1···iN ≡ ǫ1ǫ2(Ai1 , · · · , AiN ) , B
(B)
j1···jN
≡ ǫ1ǫ2(Bj1 , · · · , BjN ) . (2.23)
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Here ǫ1 ≡ ǫα1···αN and ǫ2 ≡ ǫβ1···βN are abbreviations for the completely anti-symmetric
tensors for the respective SU(N) factors of the gauge group.
The baryonic operators B(A) and B(B) in (2.23) both haveR-chargeN/2 and conformal
dimension ∆ = 3
4
N . This fact makes them candidates to describe wrapped D3-branes.
For if R denotes the curvature scale of the supergravity background,
R4 ∝ gsα′2N , (2.24)
then the mass m of a D3-brane wrapped on H scales as
m ∝ R
3
gsα′2
. (2.25)
So operators in the gauge theory which correspond to the BPS states arising from a
supersymmetric D3-brane wrapped on H must be chiral primary of dimension
∆ ∝ mR ∝ N . (2.26)
As first observed in [11], the baryons B(A) and B(B) indeed arise from D3-branes
wrapped on three-spheres in the A and B families described in Section 2.1. Three-spheres
in both of these families minimize volume within their respective homology classes, and a
brane wrapped about any of these three-spheres is supersymmetric. In order to determine
what BPS states arise from such a wrapped brane, we must quantize the bosonic collective
coordinates (θ1, φ1) or (θ2, φ2) associated to the location of the brane on the transverse
S2. The supersymmetry generators broken by the brane then create the additional states
necessary to fill out the chiral multiplet.
The SU(2) symmetry dictates that no potential is associated to the location of the D3-
brane on the transverse S2, but the brane does couple magnetically, via the Wess-Zumino
term in the DBI action, to the N units of five-form flux on H. (See [17] for a very explicit
demonstration of this statement.) So the quantization of the collective coordinates (θ1, φ1)
or (θ2, φ2) reduces to the quantization of a charged particle moving on the complex plane
in a perpendicular magnetic field of N flux quanta. Such a particle has N + 1 degenerate
ground-states, transforming in the (N + 1)-dimensional representation of SU(2).
We naturally identify these N +1 BPS states arising from either the A or B cycles as
corresponding to the respective baryonic operators B(A)i1···iN and B
(B)
j1···jN
. The SU(2)×SU(2)
flavor quantum numbers are certainly consistent with this identification. Also, the baryon
dimension ∆ = 34N can be checked against the volume of the wrapped three-spheres [11],
[17].
Finally, this example illustrates that the U(1)B baryon-number of the gauge theory
represents a topological charge from the perspective of the string theory, as it measures
the class of the corresponding wrapped D3-brane in H3.
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2.3. An abundance of baryons.
Now, as observed by the authors of [17], we seem to have exhausted the obvious BPS
states arising from supersymmetric D3-branes wrapped on three-cycles in H. However,
we have certainly not exhausted all of the chiral baryonic operators in the conifold gauge
theory.
Besides the chiral fields A1 and A2, we have composite chiral operators
AI;J ≡ Ai1···im+1;j1···jm ≡ Ai1Bj1 · · ·AimBjmAim+1 , (2.27)
which also transform as (N,N) under the gauge group and have charge one under U(1)B.
Here (I, J) denotes the SU(2) × SU(2) flavor representation of AI;J . The F -term equa-
tions (2.20) again imply that, modulo descendants, the operator Ai1···im+1;j1···jm is fully
symmetric on the flavor indices {i1, . . . , im+1} and {j1, . . . , jm}. Thus, for the operator in
(2.27), (I, J) = (m+ 2,m+ 1).
Using any N operators of the general form in (2.27), we can form additional chiral
primary baryons B(A)R;S ,
B(A)R;S = tI1···IN ;J1···JNR;S ǫ1ǫ2 (AI1;J1 , · · · , AIN ;JN ) . (2.28)
Here tI1···IN ;J1···JNR;S is a Clebsch-Gordan tensor coupling the product of flavor representa-
tions (I1, J1)⊗ · · · ⊗ (IN , JN ) to the irreducible flavor representation (R, S) of the baryon
B(A)R;S . We caution that a given flavor representation (R, S) generically appears with mul-
tiplicity in this product, so the notation B(A)R;S is only schematic and usually insufficient to
specify a given baryon.
The more general baryons B(A)R;S in (2.28) transform in the same baryon-number sector
as the baryon B(A)i1···iN . Because baryon-number is identified as a topological charge mea-
sured by H3 in the string theory, the BPS string states corresponding to the baryons B(A)R;S
must arise from supersymmetric D3-branes still wrapped in the class of the A cycle on H.
On the other hand, the new baryonic operators have dimensions ∆ strictly greater
than 3
4
N . Since the baryons with ∆ = 3
4
N describe D3-branes wrapping the minimal-
volume cycles in the A class, a natural interpretation of the baryons of higher dimension
is that they represent BPS excitations of these branes.
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One might hope that anyway a baryon of higher dimension could always be factored
as a product of the minimal baryon B(A)i1···iN and some chiral operator in the trivial baryon-
number sector. A natural interpretation of such reducible baryons would be as multi-
particle states representing the minimally-wrapped D3-brane and a topologically trivial,
gravitonic excitation on H.
Indeed, some baryons clearly factor in this way — but others do not. A baryon B(A)R;S
of the form (2.28) factors precisely when R is the representation which is fully-symmetric
on the A flavor indices. In this case, the tensor relation
ǫ1ǫ
1 ≡ ǫα1···αN ǫγ1···γN = δγ1[α1 · · · δ
γN
αN ]
(2.29)
implies that B(A)R;S can be factored as
B(A)R;S = tI1···IN ;J1···JNR;S ǫ1ǫ1 (OK1;J1 , · · · , OKN ;JN ) · ǫ1ǫ2 (Ai1 , · · · , Ain) ,
= tI1···IN ;J1···JNR;S B(0)K1···KN ;J1···JN · B
(A)
i1···iN
.
(2.30)
Here each OK;J is an adjoint chiral operator having the general form
OK;J ≡ Ok1···km;j1···jm ≡ Ak1Bj1 · · ·AkmBjm , (2.31)
again fully-symmetric on flavor indices and transforming as (m+ 1,m+ 1) under the
flavor symmetry. As indicated above,
B(0)K1···KN ;J1···JN ≡ ǫ1ǫ1 (OK1;J1 , · · · , OKN ;JN ) (2.32)
is a chiral primary “baryonic” operator in the trivial sector of U(1)B made by anti-
symmetrizing the gauge indices of N chiral operators of the form (2.31). Also, in (2.30)
we implicitly symmetrize over the indices in K1 ⊗ i1, . . . , KN ⊗ iN to couple these repre-
sentations respectively to I1, . . . , IN .
For the case m = 0 in (2.31), we include the constant tensor δγα in the general class of
operators O. Hence the baryons of the form B(0) include the sub-determinants,
ǫα1···αnαn+1···αN ǫ
γ1···γnαn+1···αN
n∏
k=1
(OIk;Jk)
αk
γk
, 0 < n < N , (2.33)
as well as the trivial operator 1 corresponding to n = 0 in (2.33). These baryons B(0)
of dimension ∆ ∼ N , generally identified as giant gravitons [16], correspond to BPS
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states of D3-branes wrapped on topologically trivial three-cycles in H, and the baryons of
dimension ∆ ∼ 1 correspond to multi-particle supergravity excitations of the metric and
the four-form potential C4 on H.
For instance, the authors of [17] considered a simple class of baryons of the form
B(A)R;S = tI1i2···iNR ǫ1ǫ2 (AI1;S , Ai2 , · · · , AiN ) . (2.34)
If R is the fully-symmetric representation, then B(A)R;S factors as
B(A)R;S = tI1···iNR ǫ1ǫ1 (OK1;S , 1 , · · · , 1) · ǫ1ǫ2 (Ai1 , Ai2 , · · · , AiN ) ,
= tI1···iNR Tr [OK1;S ] · B(A)i1,...,iN .
(2.35)
For the other representations R, the baryons in (2.34) do not factor and represent “new”
BPS states which must be considered. These baryons appear in a tower of evenly-spaced
R-charges N2 , N2 + 1, N2 + 2, . . . , with corresponding representations under the SU(2) B
flavor symmetry being S = 1, 2, 3, . . . .
In [17], the authors then perturbatively computed the spectrum of small fluctuations
of a minimally-wrapped D3-brane in the A class on H and found a set of BPS fluctua-
tions also having these quantum numbers. They proposed that these fluctuations should
correspond to the additional baryons in (2.34). But to study the general baryon in (2.28),
we will apply a slightly different analysis.
3. Classical supersymmetric D3-branes.
The additional chiral baryons suggest additional BPS D3-brane states. To account
for these states, we need to find new classical, supersymmetric D3-brane configurations
on H. So what is the general description of a supersymmetric D3-brane which wraps a
three-cycle in H?
If we consider compactifying the type-IIB theory on a Calabi-Yau three-fold X , the
analogous question has a simple answer: supersymmetric D-brane configurations are char-
acterized by holomorphy in X [22], [23]. In the Freund-Rubin compactification on H,
might holomorphy also play a role?
Mikhailov [19] has answered this question affirmatively, using the fact that compact-
ification on H is closely related to compactification on an associated Calabi-Yau cone X .
As we shall discuss, supersymmetric D3-brane configurations in H arise from holomorphic
surfaces in X .
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First, we mention a caveat to our analysis. In characterizing supersymmetricD3-brane
configurations on H, for simplicity we will ignore the degrees of freedom associated to the
worldvolume fermions and gauge field on the brane. In particular, we assume that the U(1)
line bundle supported by the brane has a flat, topologically trivial connection. The latter
assumption is too strong in general. Whenever the D3-brane wraps a three-manifold in
H which has a non-trivial fundamental group π1, we should also look for supersymmetric
configurations with Wilson or ’t Hooft loops turned on in the worldvolume. Examples of
these configurations occur for branes wrapped on S3/Z3 in the lens space H = S
5/Z3,
discussed thoroughly in [12].
3.1. Supersymmetric branes from holomophic surfaces.
When H preserves supersymmetry, there is always a unique Calabi-Yau cone X asso-
ciated to H [7], [8], [9]. (See also [24] and [25] for a nice mathematical discussion of these
facts.) Just as for T 1,1, the presence of a Killing spinor on H implies that the Einstein
metric of H satisfies Rmn = 4 gmn. Thus, if X is the real cone over H, the Einstein condi-
tion implies that the cone metric of X , ds2X = dr
2 + r2 ds2H , is Ricci-flat, and the Killing
spinor on H lifts to a covariantly-constant spinor on X .
As we know well from the AdS/CFT correspondence, the type-IIB compactification
on M4 × X , where M4 denotes flat Minkowski space, is closely related to the type-IIB
compactification on AdS5×H. Namely, if N coincident D3-branes fillM4 and sit at r = 0
in X , then the branes warp the product metric onM4×X and source N units of five-form
flux through H. Taking the near-horizon limit of the corresponding supergravity solution
produces the AdS5 ×H background.
With these observations, we can easily motivate Mikhailov’s description of supersym-
metric D3-branes in H. Consider the Euclidean theory on R4 × X , with N D3-branes
filling R4 and one D3-brane wrapped on a holomorphic surface S in X . We assume that
S intersects H, embedded at r = 1 in X , in some three-manifold Σ.
This brane configuration is supersymmetric. Just as above, we consider the super-
gravity background produced by the N D3-branes and take the near-horizon limit. In this
limit, the radial direction of X becomes a geodesic γ in Euclidean AdS5, and the probe
brane wrapped upon S in X becomes a probe brane wrapped on a four-manifold in γ×H.
The SO(5, 1) global symmetry of Euclidean AdS5 can be used to rotate γ into any other
geodesic in this space, and so we can assume that γ becomes a time-like geodesic upon
Wick-rotation back to Minkowski signature in AdS5.
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This procedure produces a supersymmetric D3-brane wrapped on H, and, running
the procedure backwards, any supersymmetric D3-brane wrapped on H can be lifted to
a holomorphic surface S in X . So we can identify the space M which parametrizes clas-
sical, supersymmetric D3-brane configurations as equivalently parametrizing holomorphic
surfaces in X (which intersect the locus at r = 1 transversely).
Because X possesses many holomorphic surfaces, we have found the additional super-
symmetric D3-brane configurations which we need to get the full BPS spectrum. Yet,
morally speaking, all of these configurations are a simple generalization of the giant gravi-
ton solution [13] for H = S5, in that they all describe branes which carry angular momen-
tum around a circular orbit in H.
To be more explicit, we recall that the Einstein metric on H always possesses a U(1)
isometry, generated by a Killing vector ∂∂φ , which corresponds to the R-symmetry of the
N = 1 superconformal algebra. Provided that this U(1)-action is regular, meaning that
its orbits are compact and of uniform length, as we now assume, then H is a principal
U(1)-bundle over a positively-curved Ka¨hler-Einstein manifold2 V .
Let τ be a unit-speed parameter along the geodesic γ in AdS5, and let φ be a unit-
speed parameter along the U(1) fiber over V . At the instant τ = 0, corresponding to r = 1
in X , the D3-brane configuration on H is described by the three-manifold Σ. Holomorphy
of S in X then implies that the D3-brane configuration in γ×H depends only on τ and φ
through the combination τ + φ. As a result, the brane is described just by translating Σ
at unit-speed around the U(1) fiber over V .
One great advantage of our characterization of supersymmetric D3-brane configura-
tions via holomorpy is that it does not require explicit knowledge of the Einstein metric on
H. We must only know the appropriate complex structure on X , which is usually obvious.
Also, at least in the examples H = T 1,1 and H = S5, we can very simply parametrize the
relevant holomorphic surfaces in X , and thus describe M directly.
3.2. Holomorphic surfaces in the conifold.
Let H = T 1,1 and X be the conifold. Holomorphic surfaces S in X are easy to
describe. Because we defined X through an embedding in C4, a very obvious set of holo-
morphic surfaces arise from the intersection of hypersurfaces in C4 with X . The general
2 If these orbits are only compact, then V is an orbifold [26].
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hypersurface is simply determined as the vanishing locus of a polynomial P in the affine
coordinates (z1, z2, z3, z4) of C
4.
However, the naive approach of using hypersurfaces in C4 to describe holomorphic
surfaces in X will not quite work. Some polynomials, for instance P = z1z2 − z3z4,
restrict to zero on X and therefore do not actually determine a holomorphic surface in
X . Furthermore, if we were to attempt to parametrize surfaces in X by parametrizing
polynomials in the affine coordinates of C4, we would have to face the issue that, on
X , these polynomials are only well-defined up to the addition of the polynomials which
vanish identically on X . Finally, any holomorphic surface in X which does arise from a
hypersurface in C4 describes a D3-brane which is wrapped in the trivial homology class of
H, and we are most interested in branes wrapped in the (non-trivial) A class of H.
These difficulties can all be overcome if we use the homogeneous coordinates A1,
A2, B1, and B2 on X . If P is a polynomial in the these coordinates which transforms
homogeneously under the U(1)-action in (2.14), then the vanishing locus of P is a well-
defined holomorphic surface in X . Unlike the affine coordinates of C4, though, there are
no algebraic relations among the homogeneous coordinates on X .
In addition, polynomials P which are charged under the U(1)-action in (2.14) can be
used to describe topologically non-trivial wrappings of branes on H. In fact, the charge
of P under this U(1) corresponds to the class of the wrapped three-cycle in H3(H) = Z.
For instance, if P has charge zero, then the relations (2.21) imply that P arises from the
restriction of a hypersurface in C4. As we have mentioned, these hypersurfaces all describe
trivially wrapped D3-branes on H.
To describe D3-branes on H which wrap in the A class of H, we consider polynomials
P (A1, A2, B1, B2) which have charge one. Such a polynomial has the form
P (A1, A2, B1, B2) = c1A1 + c2A2
+ c11;1A
2
1B1 + c12;1A1A2B1 + c22;1A
2
2B1
+ c11;2A
2
1B2 + c12;2A1A2B2 + c22;2A
2
2B2
+ (terms of higher degree in A1, A2) .
(3.1)
Here the c’s are just arbitrary complex coefficients for each monomial in P . To write this
expression more concisely, we introduce multi-indices I and J so that
P (A1, A2, B1, B2) =
∑
I,J
cI;J A
IBJ . (3.2)
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We can consider the coefficients cI;J as complex coordinates (c1, c2, c11;1, · · ·) on the
infinite-dimensional, complex vector space of polynomials P which have charge one. Each
point in this vector space, other than the origin, determines a holomorphic surface in X .
And, modulo the trivial fact that P and λP , for any λ ∈ C×, vanish on the same locus in
X , the points in this vector space describe distinct surfaces. Thus, we identify the classical
configuration space M of supersymmetric branes wrapped in the A class on H as CP∞,
with homogeneous coordinates [c1 : c2 : c11;1 : · · ·] .
We can fairly easily visualize what branes some of these polynomials describe. As an
example, let us consider a linear polynomial
P = c1A1 + c2A2 . (3.3)
Both terms in P have R-charge 1/2, so the zero locus of P is fixed under the U(1) isometry
of H, meaning that the brane described by P wraps a fixed three-manifold Σ independent
of time. Since A1 and A2 descend to homogeneous coordinates on one CP
1 factor of
the CP1 × CP1 base of H, P vanishes over a point, parametrized by c1 and c2, on this
CP1. So this D3-brane configuration corresponds to one of the well-known supersymmetric
D3-branes which wrap a minimal-volume S3 in the A class.
One the other hand, when P is of the general form in (3.1), the various terms have
different R-charges and P transforms inhomogeneously under the R-symmetry. Hence
the general D3-brane configuration corresponds to some Σ orbiting the U(1) fiber over
CP1×CP1. To obtain a more explicit description of Σ, we would actually have to solve the
equation P = 0 on H — but of course the important issue is not so much the particular
description of a given brane configuration, but the global description of the entire family
M of configurations.
We can equally well consider D3-branes wrapped in other homology classes, corre-
sponding to polynomials of other charges, and the above comments remain unaltered. M
is always an infinite-dimensional projective-space whose homogeneous coordinates corre-
spond to the coefficients in the homogeneous polynomials of fixed charge — except for
a subtlety relating to the trivially-wrapped D3-branes. We will explain this point as we
consider the example H = S5, corresponding to X = C3.
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3.3. Holomorphic surfaces in C3.
Let (z1, z2, z3) be affine coordinates onX = C
3. The relevant U(1) isometry ofH = S5
corresponds to
(z1, z2, z3)→ (eiα z1, eiα z2, eiα z3) , α ∈ [0, 2π) . (3.4)
The space of orbits for this U(1)-action on H is just CP2.
Any holomorphic surface in X can be presented as a hypersurface determined by the
zero locus of a polynomial P (z1, z2, z3). For concreteness, we parametrize the polynomial
P as
P = c+ ci zi + cij zizj + cijk zizjzk + · · · ,
=
∑
I
cI z
I ,
(3.5)
where c, ci, cij , cijk, . . ., are complex coefficients and in the second line of (3.5) we in-
troduce a multi-index I for brevity. As for the conifold, we regard these coefficients as
homogeneous coordinates [c : ci : cij : cijk : · · ·] on a CP∞ parameter space.
However, the new ingredient in this example is the presence of a constant term c in
P . The associated point [1 : 0 : 0 : 0 : . . .] in CP∞ corresponds to the nowhere-vanishing,
constant polynomial P = 1. The constant polynomial of course does not correspond to
any hypersurface in X nor a D3-brane configuration on H.
Further, the general construction of a supersymmetric D3-brane configuration on H
requires that the holomorphic surface S determined by P intersects H transversely at
r = 1. So points near [1 : 0 : 0 : 0 : . . .], for which c ≫ ci, cij, cijk, . . ., do not determine
surfaces which intersect H and thus do not determine any D3-brane configurations either.
In this case, the classical configuration space M does not consist of the full CP∞
parameter space, but only an open subset of this space away from the bad point at [1 : 0 :
0 : 0 : . . .]. Nevertheless, we will see that quantum mechanically this example is much like
the simpler case for which M = CP∞.
Yet the fact that we include the constant term in the general polynomial is important.
A simple example to consider is an affine polynomial of the form P = z1−c. For |c| < 1, this
polynomial defines a hyperplane in X which intersects H in an S3. As long as c 6= 0, the
U(1)-action in (3.4) translates this S3 around a circle in the H. So the affine polynomials
describe the giant gravitons, and c controls the size of the wrapped S3.
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Another simple case to consider is a polynomial of arbitrary degree n but which
depends on only a single coordinate such as z1. In this case, we can factor the polynomial
as
P =
n∏
i=1
(z1 − ei) . (3.6)
Provided that all of the roots ei satisfy |ei| < 1, this polynomial represents a configuration
of n giant gravitons of various sizes on H.
This example is important, as it illustrates the general principle that reducible
surfaces, corresponding to factorizable polynomials, represent configurations of multiple
branes. So when we quantize the space M, which includes both irreducible and reducible
surfaces, we automatically “second quantize” the D3-brane. We shall discuss some ad-
ditional aspects of the relation of reducible surfaces to multi-brane states at the end of
Section 4.
3.4. A technical aside.
The following is a somewhat technical aside, not necessary for reading the rest of the
paper but possibly useful if one wishes to generalize the analysis which we performed for
non-trivial wrappings in H = T 1,1 to other examples. In writing global expressions for
the holomorphic surfaces in the conifold X , we naturally used the global homogeneous
coordinates (A1, A2, B1, B2). The existence of such homogeneous coordinates is related to
the fact that X is a toric variety. But for the general X , global homogeneous coordinates
need not exist. Nevertheless, we can still very easily describe the classical configuration
space M.
To start, we will present a slightly different characterization of supersymmetric D3-
branes which wrap three-cycles in H. H can be described as a principal U(1)-bundle over
a Ka¨hler-Einstein manifold V . This bundle is, in a suitable sense, holomorphic. If A is the
unitary connection on this bundle arising from the metric of H, so that
ds2H = (dφ+ iA)
2 + ds2V , (3.7)
then the curvature F = dA is proportional to the Ka¨hler form ω of V . In particular, F is
of type (1, 1) with respect to the complex structure of V . Hence, this U(1) bundle over V
can always be considered to arise as the unit-circle bundle of some holomorphic line bundle
over V .
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A D3-brane configuration on H is described by a four-manifold in γ × H. By the
above remarks, we can regard γ × H (in Euclidean signature) as the total space E of a
holomorphic C×-bundle over V . The holomorphic fiber coordinate is just τE + iφ, where
τE = i τ .
Supersymmetric D3-brane configurations then correspond to holomorphic surfaces in
E with one holomorphic tangent vector along the C× fiber, i.e. any holomorphic surface in
E other than V itself. One can verify this statement directly using the kappa-symmetric
D3-brane worldvolume action [27], [28], [29], [30], [31] as generally illustrated in [32]. In
this analysis, the condition for supersymmetry is expressed geometrically as a generalized
calibration condition [33], [34] which is satisfied by these holomorphic surfaces in E.
Now let D be a divisor on V . We will consider the supersymmetric D3-branes on
H such that the projection of the D3-brane worldvolume to V is a divisor in the linear
equivalence class of D. Let O(D) be the line-bundle on V associated to D, and let π : E →
V denote the projection, so that π∗O(D) is a line-bundle on E. Then the vanishing loci
of the global holomorphic sections of π∗O(D) naturally determine holomorphic surfaces
in E representing this class of supersymmetric D3-brane configurations. The classical
configuration spaceM is just the projective space associated to the vector space of global
holomorphic sections H0(E, π∗O(D)).
4. Quantum supersymmetric D3-branes.
We finally turn to quantizing the classical configuration space M. Because we are
only considering the Hilbert space of BPS states in the brane spectrum, we do not really
need any more detailed information about M other than its complex structure, which we
have already described. In particular, although we assume thatM possesses some Ka¨hler
metric, the particular form of the metric is mostly irrelevant in the following analysis —
a very fortunate thing, since we do not know anything about it. The philosophy we apply
falls under the rubric of geometric quantization, for which a general reference is [35].
For concreteness, we now discuss the examples H = T 1,1 and H = S5, for which we
can compare our results to the dual baryon spectrum.
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4.1. Quantum D3-branes on H = T 1,1.
In this case, the classical configuration space M which describes the supersymmetric
D3-branes wrapped in the A class of H is CP∞, with homogeneous coordinates [c1 : c2 :
c11;1 : · · · : cI;J : · · ·] corresponding to the coefficients of the polynomial in (3.1). We can
think of the D3-brane as a particle moving onM, and so the D3-brane phase space is the
cotangent bundle T ∗M. The D3-brane wavefunction Ψ takes values in some holomorphic
line-bundle L over M, and the Hamiltonian which acts on Ψ is the Laplacian acting on
sections of L. The BPS wavefunctions are the global holomorphic sections of L, and the
vector space of these sections is the BPS Hilbert space.
To proceed, we only have to describe the line-bundle L, which is easy since L is
determined by its degree. To compute the degree of L, we consider any CP1 subspace
of M and a one-parameter family of classical D3-brane configurations corresponding to
a curve C in this subspace. If the D3-brane configuration changes with time, so that the
D3-brane traverses the curve C in M, then Ψ picks up a phase because the D3-brane
couples to the background RR four-form potential C4. This phase determines the degree.
Let s be a parameter along C, and A(s) the corresponding family of three-manifolds
in the class of A. Finally let D be a disc in CP1 bounding C. If we take the curve C
in CP1 to be large, D can be taken to cover the full CP1 subspace. The corresponding
two-parameter family of D3-branes sweeps out all of H, and the phase which Ψ acquires
when the D3-brane traverses the curve C is
2πi
∮
C
ds
∫
A(s)
C4 = 2πi
∫
H
F5 = 2πiN . (4.1)
So L has degree N , i.e. L = O(N). In terms of the homogeneous coordinates [c1 :
c2 : c11;1 : · · · : cI;J : · · ·] of M, the space of global holomorphic sections of L consists of
the degree N polynomials in these coordinates. Thus, the Hilbert space of BPS states is
spanned by states of the form
|cI1;J1 · · · cIN ;JN 〉 . (4.2)
At this point, we see that we really need not worry about any subtleties in dealing
with holomorphic bundles on infinite-dimensional complex manifolds. Since L has only
finite degree, any given wavefunction Ψ in the BPS sector varies non-trivially only over
some finite-dimensional subspace of M. If we were to filter the polynomials in (3.1) by
their degree in A1 and A2, we would be perfectly justified to consider inductively the
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corresponding filtration of M by finite-dimensional subspaces CP1 ⊂ CP7 ⊂ · · · ⊂ M of
successively increasing dimension.
We now describe the correspondence between the BPS states in the D3-brane Hilbert
space and the baryonic operators in the conifold gauge theory. Note that we have an
obvious association between the homogeneous coordinates of M and the chiral operators
of U(1)B charge one in the gauge theory,
ci1...im+1;j1...jm ←→ Ai1Bj1Ai2 · · ·BjmAim+1 . (4.3)
We may of course permute the elements of {i1 . . . im+1}, {j1 . . . jm} as we like in the case of
the c’s, and the F -term equations ensure that the same is true for the chiral operators. So
we propose that the correspondence between suitably normalized BPS states and baryons
is that
|cI1;J1 · · · cIN ;JN 〉 ←→ ǫ1ǫ2 (AI1;J1 , · · · , AIN ;JN ) . (4.4)
Note that both the BPS state and the baryon in (4.4) are fully symmetric in the
indices {1, 2, . . . , N}. This property is a trivial property of degree N monomials and
arises due to the anti-symmetrization of gauge indices in the baryon. Also, the global
homogeneous coordinates cI;J transform under the induced action of the SU(2)×SU(2)×
U(1) isometry of X and the radial scaling of X exactly as the associated chiral matter
fields AI;J transform under the corresponding symmetries of the gauge theory. So the
BPS states and baryons in (4.4) have manifestly the same global quantum numbers.
Finally, this proposal naturally generalizes the well-known correspondence of the baryonic
operators B(A)i1···iN of least conformal dimension to the BPS states |ci1 · · · ciN 〉 which arise
from sections of O(N) over the CP1 subspace ofM corresponding to the linear polynomials
in (3.3).
This quantization procedure directly extends to D3-branes wrapped in the classes,
such as 2A, 3A, . . ., of higher degree in H3. However, as observed in [17], the gauge theory
does not seem to possess any new baryons in these sectors beyond those arising from
products of baryons in the basic A and B sectors. At this point, we can only venture to
speculate that the BPS states which would naively arise from branes wrapped in classes
of higher degree on H are susceptible to decay into multi-particle BPS states arising from
the branes wrapped in the generating A and B classes.
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4.2. Quantum D3-branes on H = S5.
In this example, the classical configuration space M consists only of an open subset
away from the point [1 : 0 : 0 : 0 : . . .] of the CP∞ parameter space with homogeneous
coordinates [c : ci : cij : cijk : · · · : cI : · · ·]. The same argument as for H = T 1,1
implies that the line-bundle L over M has degree N and, for wavefunctions which vary
non-trivially only over the projective subspaceM0 ⊂M at c = 0, holomorphic sections of
L correspond to degree N polynomials in ci, cij , cijk, . . . .
One might worry that, in this case, the non-compactness associated to the coordinate
c would lead to many additional wavefunctions, of arbitrary degree in c. However, the
essential point is thatM does contain the projective subspace M0 and can be considered
here as the total space of the line-bundle O(1) over M0. The twisting in the fiber of this
bundle ensures that a section Ψ of L, having at worst a pole of degree N on M, is still a
polynomial of at most degree N in c, just as for the homogeneous coordinates on the base
M0.
Thus, despite the fact that the nature of M is slightly different depending upon
whether the D3-brane wraps a topologically non-trivial or a trivial three-cycle, in both
cases the BPS wavefunctions are degree N polynomials in the global homogeneous coor-
dinates. In the case H = S5, the BPS states are now linear combinations of the states
|cI1 · · · cIN 〉 . (4.5)
To describe the corresponding operators in the N = 4 Yang-Mills theory, we decom-
pose the N = 4 Yang-Mills multiplet into an N = 1 vector multiplet and three N = 1
chiral multiplets Z1, Z2, Z3, whose scalar components consist of complex combinations of
the six Yang-Mills scalars φ1, . . . , φ6,
z1 =
1√
2
(φ1 + iφ2) , z2 =
1√
2
(φ3 + iφ4) , z3 =
1√
2
(φ5 + iφ6) . (4.6)
We then associate the coordinates cI with chiral operators as
cI ←→ ZI . (4.7)
The cubic superpotential that appears when the N = 4 theory is decomposed into N = 1
representations again ensures that both the left-hand and the right-hand sides of (4.7) are
symmetric in the multi-indices I. The novel feature here is that the constant term c in
(3.5) is associated to the trivial chiral operator 1 in the Yang-Mills theory.
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As for H = T 1,1, we propose the natural correspondence between BPS states and
baryonic operators,
|cI1 · · · cIN 〉 ←→ ǫ1ǫ1 (ZI1 , · · · , ZIN ) . (4.8)
For instance, we see that the sub-determinant operators
ǫ1ǫ
1

 k︷ ︸︸ ︷1, . . . , 1, N−k︷ ︸︸ ︷Z1, . . . , Z1

 (4.9)
correspond to BPS states which arise from the affine polynomials P = c+ c1 z1 classically
describing giant gravitons. This observation seems to provide a nice conceptual basis for
the proposal of [16].
4.3. Multi-particle states and reducible surfaces.
From our description ofM, we see that the generic point ofM describes an irreducible
surface inX , but there is a closed subsetMR which consists of reducible surfaces. Only the
irreducible surfaces classically describe single branes, and the reducible surfaces describe
configurations of multiple branes. So when we quantizeM, some of the wavefunctions we
obtain describe single-particle states, and others must describe multi-particle states.
But which of our BPS states are the single-particle states, and which are the multi-
particle states? The answer to this question must involve the behavior of the Ka¨hler
metric onM, since only the single-particle wavefunctions are normalizable in L2 onM. A
reasonable hypothesis, based on the classical observations above, is that this metric is such
that the reducible locus MR lies at infinite distance from all other points in M−MR.
If this guess is correct, then any single-particle wavefunction on M, being normal-
izable, would necessarily vanish over the locus MR, as the classical reasoning suggests.
Conversely, wavefunctions on M not vanishing over MR, i.e. extending to “infinity”,
would naturally be interpretable as non-normalizable, multi-particle states.
To describe how this idea can be interpreted in a simple case, for which X is the
conifold, we consider the locus in MR corresponding to factorizable polynomials of the
form
P (A1, A2, B1, B2) = (a1A1 + a2A2) ·

∑
I;J
bI;J A
IBJ

 , (4.10)
where the second factor is a general polynomial of charge zero. The coefficients [a1 : a2]
and [b : b1;1 : b2;1 : · · · : bI;J : · · ·] determine homogeneous coordinates on a CP1 × CP∞
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family3 of such reducible surfaces in X . There is a natural map f : CP1 × CP∞ → M
from this family of reducible surfaces into the general space of holomorphic surfaces M.
This map just corresponds to multiplying out the coefficients in (4.10), so in terms of the
homogeneous coordinates cI;J of M, f is expressed by
c i1i2···im+1;j1···jm = a(i1 · bi2···im+1);j1···jm , (4.11)
where we symmetrize over the indices {i1, . . . , im+1} appearing on the right-hand side
of (4.11). Under f , sections of O(N) on M pull-back to sections of O(N) ⊗ O(N) on
CP
1 × CP∞.
We now consider a general element of the Hilbert space of the form
tI1···IN ;J1···JNR;S |cI1;J1 · · · cIN ;JN 〉 , (4.12)
where tI1···IN ;J1···JNR;S is the same tensor used to make the general baryon B(A)R;S in (2.28).
Upon pull-back,
f∗
(
tI1···IN ;J1···JNR;S |cI1;J1 · · · cIN ;JN 〉
)
= tI1···IN ;J1···JNR;S |ai1 · · · aiN 〉 ⊗ |bK1;J1 · · · bKN ;JN 〉 ,
(4.13)
where our notation is as for the factorizable baryon in (2.30).
We now make essentially the same observation which we made for the baryons in
Section 2.3. The tensor product of states on the right-hand side of (4.13) necessarily
transforms in the representation which is fully-symmetric on SU(2) A flavor indices — so
the pull-back of the general state in (4.12) to this reducible locus vanishes unless R is the
fully-symmetric representation.
Thus our guess about the metric onM implies that a state of the form (4.12) for which
R is the fully-symmetric representation must be a multi-particle state. As we have seen in
Section 2.3, the corresponding baryon always factors into a product of the minimal baryon
B(A)i1···iN and some other baryon B
(0)
K1···KN ;J1···JN
. Under our general proposal relating BPS
states and baryons, we naturally identify this product of baryons as corresponding to the
tensor product of states in (4.13).
3 More precisely, we should remove the point of the CP∞ factor corresponding to the constant
polynomial, so that we only consider non-trivial factorizations of P .
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